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I. INTRODUCTION 



The brane world scenario is a new way of looking at the Universe from the point of view of string/membrane theory, 
which has the advantage of offering the opportunity of comparing prediction to observational results, an aim that was 
beyond the scope of this area of theoretical physics for more than two decades Q, |^ |1{ . 

String theory is naturally defined in a higher dimensional space-time. It has been shown that string theory in 
various dimensions display very natural behaviour under duality, which leads to the result that there is a theory in 
11 dimensions from which all string theories derive in a natural way 4J. 

It is thus by now a widespread idea, from a general theoretical setup, that the so-called M-theory ^ is a reasonable 
description of our Universe: in the field theory limit, it is described by a solution of the (eventually 11-dimensional) 
Einstein equations with a cosmological constant, by means of a four dimensional membrane. In this picture only gravity 
survives in the higher dimensions, while the remaining matter and gauge interactions are typically four dimensional. 
This realizes the idea that the real world is a membrane imbeded in a higher dimensional space-time, such that the 
Standard model fields live in the membrane, while gravity can enter into the bulk of the extra dimensions 0. 
' Randall and Sundrum 01 proposed a model of that type, namely there exists a Universe described inside a membrane 
immersed in a higher dimensional space-time, such that a so-called warp in the extra dimensions prevents information 
to leak at large quantities outside of the real world. 

A very large amount of new physics emerges. In particular, when membranes are solutions of Einstein's equations 
and matter fields reside inside the brane, the gravitational fields have to obey the Israel conditions "T] at the sides 
of the brane. Thus, there is a possibility that gravitational fields propagating out of the brane speed up, reaching 
farther distances as compared to light pr opagati ng inside the brane, a scenario that for a resident of the brane (such 
as ourselves) implies shortcuts ^3, lahrthllhj. Moreover, the fact that the world is higher dimensional, together 
with general properties of quantum field theory and further input such as the holographic principle, indicate that 
further conclusions can be drawn [Ij, [Tj, [l^ [l^ . 

In particular, due to the presence of the extra dimension, it is very difficult to make predictions about the cos- 
mological consequences by studying the cosmological perturbations in the brane world. As the simplest case, the 
cosmological perturbations were investigated by neglecting the non-trivial evolution of perturbations in the bulk 'Vf\ . 
In order to solve the perturbation equations including the bulk, a simplified inflation model, in which de Sitter stage 
of inflation is instantaneusly connected to Minskowski space, was considered in the study of gravitational wave pertur- 
bations [l,8l . Further applications of the approach of employing conformally minkowskian coordinates can be found in 
[T^l20| . Using the conformally minkowskian coordinates, DeruUe et al (2Qj disentangled the contributions of the bulk 
gravitons and of the motion of the brane, found the restrictions of the bulk gravitons when matter on the brane is 
taken to be scalar and solved analytically the brane perturbation equations. In this paper we are going to generalize 
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Deruelle et al's work with a full treatment of the junction conditions leading to the equations of motion on the brane, 
and making direct connection with the standard perturbation theory. 

Our aim here is to further develop these ideas by the description of gravitational waves generated in early stages 
of the Universe. These are important tools for the understanding of the model, since they can actually be observed 
in the near future. They can also leave their imprints in the background radiation and possibly be described by the 
results of the Planck satelite. 



II. THE SCENARIO 



We shall thus consider gravitational perturbations of a five dimensional bulk where our Universe is described by 
a four dimensional membrane with matter fields. We consider a scenario where the unperturbed bulk is a purely 
Anti-de-Sitter space-time described by a metric conformally equivalent to minkowskian coordinates, that is, |2(l |. 

ds^ = gABdx'^dx^ = _f_rjABdX'^dX'', (1) 

with I a length scale later called the Randall-Sundrum scale and tjab the Minkowski metric. The notation is described 
in the appendix A. 

We define the brane by a hypcr-surface moving in the bulk with X'^ = X'^{ri) — T{rf), X"^ = X^ = x', X"^ = X'^{ri) = 
A{ri), where ij is defined by T'{r]) = 1 + (A' {r])y . 

Parametrized in this way, the induced metric on the brane reads 

d4={-^yi-dv'+S:jdx^dx') . (2) 

Thus, rj is the conformal time of a FRW brane with the scale-factor given by a(r/) = l/A{ri). 

The components of the tangent vectors are V(f- = ^ = (T'(77), 0, 0, 0, ^'(77)) and = ^ = {0,6f,0), while 

the normal to the brane is — (^^j-, 0, 0, 0, ^^j—j ■ It obeys the normalization condition gABlt,^^^^ — 1- 

The energy- momentum tensor Hab in the bulk is just a negative cosmological constant . Therefore HyiBV^n^ = 
on the brane. It can thus be shown that the junction conditions for a Z2 symmetric brane imply the conservation of 
the brane energy-momentum, 

^.^,=0 . (3) 
On the other hand, the spatial part of the junction conditions reads 

where TJ^ is the brane energy-momentum tensor and Kj^ is the second fundamental form calculated on the brane, 

K^, = -V^^Vj'WAnB\i ■ (5) 
For reference, we list the non-zero results for the background second fundamental form on the brane. 



K ^ 



IT'5, 



-[aA"-T'^) , (6) 



For an isotropic and homogeneous distribution of matter in the brane with a tension cr, we get the usual energy 
conservation equation |^ -|- 3i?(p + P) — where dr = a{ri)dr] and H = d/a — = 0''{Tf)/a? — —A'{r])/l, and, 
from the spatial part we obtain the modified Friedmann equation 

This sets the whole unperturbed scenario. The next step is to consider the perturbations and the subsequent wave 
equations. 
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III. PERTURBATION 

Since perturbations are being treated linearly, it is possible to separate the bulk perturbation from the perturbation 
of the position of the brane and of the junction conditions, what we prefer to do for the sake of simplicity. 

A. Bulk Perturbation 

We first perturb the AdS bulk space-time. For general perturbations in conformally minkowskian coordinates [2(1 | 
the metric reads 



^ (y^) {vAB+hAB)dX^dX'' , (9) 



while on the brane we have 



where 
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dsl^^{r,^,+jl'^)dx>'dx'' , (10) 



-fllH - r^hoo\b + A'^h^i\j, + 2T'A'hoi\b , 
(*>) u I 

Since we leave the perturbation in the position of the brane to a later stage, the tangent vectors to the brane are 
still the same as before, but we must find the correction to the normal to the brane. Writing the perturbed normal 
as an unperturbed part calculated on the brane, n"^, and a small perturbation, 5n^ ^ we have 

T^ABfi^&n'^ + -nABn^5n^ + hAB\in^n^ = , 
riABV^Sn'^ + hABkn'^V^ = . 
After some computation, we find for the covariant perturbation of the normal. 

Sua = -^hABlb^^ + -^VabSu^ , (11) 



or more explicitly, 



lA'^ IT' T'^A'l 

dna = -^oo|6-;r-r + '*04|6-r(l - ^'^) - ^44|6- 



2A ' A' ' 2A 

orii = /toolb + hoi\i— + hii\i — {A + 1), 

Sui — . 



B. Perturbation of the Junction Conditions 



With the complete normal to the brane in the perturbed background we can calculate the perturbed second 
fundamental form on the brane. For the spatial part we have 

K^, = K^, - ^ + \l^^^c + 5T% \bnc • (12) 

Using the bulk connections presented in the appendix and the results obtained for the perturbation of the normal, 
and using also Kij — T'Sijl/A^ , we find for the contribution of the perturbation of the bulk to the second fundamental 
form on the brane 

A'^r , , A' , , , r, 



SK} = S^^(^hoo\b^j- + ho4h-{A"-l) + h,,\,-{A'^^l 



A' A 



I 

T'A 



1 . I 



2 



2 



\{^d^h^o\l + djh\\b-d^h)\b) . (13) 
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1. Einstein Equations 

Prom the framework above developed, we learned that the general perturbations in the bulk metric are translated to 
perturbations in the branc metric. The jimction conditions, now perturbed, relate the evolution of the perturbation of 
the matter on the brane to the metric perturbations introduced. However, we still have to solve the Einstein equations 
in the bulk. Before doing that, it is useful to observe that there are five reparametrization in the bulk coordinates 
that could be used to eliminate five degrees of freedom in the perturbed metric. Thus, we fix the gauge in the bulk by 

/lA4 = . (14) 

With this choice we present the results for the perturbation in the Ricci tensor in the bulk. 

The Einstein equations in the bulk read 

2P 4 

RaB = ^ 3(^4)2 ^^-45 = -JJ^flAB , (16) 

6Rab = ^^x^^^B , (17) 

where wc used the equations for the background metric. 

We realize that the Einstein equations can be solved easily for a transverse traceless-free perturbation when = 
= Then components (4,0) and (4,4) are automatically satisfied, remaining, for the five independent modes haj3, 

Jj^d-^dAha/i - ^54/lc</3 = . (18) 

Decomposing hafi in Fourier modes in the variables X° and X*, 

= J d^kdh^'iaffik, A;0)F(X4)e^'=°^°+'^-^ , 

we find the following differential equation for the transformed function F{X*), 

(P 3 d 



d{X^f 



nx')-^,^,F{X')+((ky-\k\')F{X')=Q . (19) 



This is just the Bessel differential equation of order 2. We write i^(X**) = {mX'^Y Z (mX^) , with = (fc°)^— | k p, 
in which case the general solution of the above equation is a combination of Bessel or Hankel functions of order 2, 

Z{mX^) = Z^J'> {mX"^) = jmJ2{mX^) + nmN2{mX'^) 

= zi'\mX*)^hl^^Hi'\mX^) + h(^^Hi'\mX*) . 

Thus we have been able to solve exactly the bulk's perturbation ha/s in the form 

hc,0 = J d^kdm{mXyeap{k,m)Z2{mX^)e'''°^°+'^-^ , (20) 
where A;"e„^ = = and (A;°)2 = m'^+ \ k p. 



C. Perturbing the Brane Position 



In the unperturbed formalism we interpret the scale factor of the Robertson- Walker brane as the position of the 
brane in the extra dimension. If we introduce perturbations in the matter inside the brane, there will be a perturbed 
Priedmann equation and, consequently, a perturbation on the position of the brane. This brane bending effect 
certainly may appear in the context of a reparametrization of the bulk, showing that bulk metric perturbations and 
brane perturbations are related. 
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We work here in an unperturbed bulk, but with a perturbation in the position of the brane in the extra dimension, 



Therefore, the metric induced on the brane reads 

/2 r 



dx^dx" 



Thus, a perturbation in the brane position induces a perturbation in the brane metric, 7^^''P/A^, where 



2C 



2C 



f AA" - - l) , 



Vl + A'^5, 



The junction conditions thus get perturbed, and we arrive at the result 

A^ 



4/2 Al 

— + —C' 
A^ A^ . 



5K] = d,dX + ^5) 



r A' 

c— + — c 

^ A' A^ . 



(21) 

(22) 
(23) 



(24) 



D. Gathering all together 



Gathering all results together, we conclude that 



ds^ 



VAB + hAB)dX^dX^ 



(X4)2 

X^ + Cn^ , 
dsl = a^{T){rif^i, + -^f_,^^dx^dx'' , 



with 



7i)i) 



(l + H^P)hoo\-b- 



2ZC 



2C 



(25) 

(26) 

(27) 
(28) 



The dependence in the bulk coordinates of the five degrees of freedom associated with the perturbation of the bulk 
metric, hap, is known from the Einstein equations in the bulk. What remains to be done is to impose the boundary 
conditions on the general solution and to relate those fields with the matter perturbation on the brane. The junction 
conditions provide those relations between the perturbations. Here, however, as comparing with [23|, we do not look 
for the equations restricted to a specific brane evolution, but make a full treatment of the junction conditions leading 
to the full equations of motion on the brane for a generic dynamics. 

The unperturbed junction conditions give the usual conservation of energy-momentum on the brane and the evolu- 
tion of the scale factor by a Friedmann equation. On the other hand, if we allow matter perturbations to exist on the 
brane, as the bulk energy continues to be just a cosmological constant, the perturbed part of the junction conditions 
implies 



= 



6KI 



(29) 
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Using the previous results we find the relations 



(30) 
(31) 
(32) 



where ( ' ) = d/dr. 

In order to put the equations in a familiar form, we parametrize the perturbations by the functions 6p^ 6P, the 
velocity Vi and the anisotropic stress with the definitions 



5T:I = -6p , 

sr,; = -{p+py , 



As a consequence we find, using P = ujp, 



Sp + Pll±^dy + 3H(Sp + SP) 
a 

1 

ap 



p(i + ^).:fc _ 



7,^ = 



(1 + u;)v, + —dj (^dPSj + E^) + [i/(l - 3cj)(l + tj) + co] {v^ ~ 7,") 



(33) 
(34) 
(35) 
(36) 



(37) 



(38) 



The expressions above determine the dynamics of the perturbations on the brane. Once we solve the junction 
conditions and express C, in terms of /iq/j, we will be able to find the expressions for 7^1, and, using H37|l and 138|l . 
finally study the evolution of matter perturbations on the brane. 

We first decouple the equations in scalar, vector and tensorial modes, writting, in Fourier space, 



■ T/ I V 

Vi = -t—V + Vi , 



(39) 
(40) 



where ¥YJ, = fc^S, = Q. 



We now choose = (0, 0, k) and find 



{l+uj)V f5P--E 

ap\ 3 

k 

2a 



+ (l+^)(- 



7,; - *73 



(41) 



for the scalar part and 



(i+^)*r + 



2ap 



(42) 



for the vector part, where i = 1,2. 



Junction Conditions 



Following j2i|, we define the quantity 



d,dX 



HI 
2a 



a-'d'hojl-^ + djhl\-^ - doh'A) 



2a ^^^^''^ 



(43) 
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We find that this quantity has no traceless part, that is Fj = ^S^jF, and the trace reads 



F^-Sp 
2 ^ 



If we choose the spatial coordinates such that fc* = d^k, the traceless- free condition implies that 



Coo 



£22 



k 

(fc0)2 

-en 



£33 



v,2 



fc2 



£33 



22 + fc2^33 



Only five degrees of freedom remain, and they are £12, £13, £23, £33 and £11. 

A thorough discussion of massless and massive modes is given in the appendices. 



(44) 

(45) 
(46) 
(47) 



E. Connecting with the usual cosmological perturbation theory 

In order to clarify what is hidden behind those equations, let us take a closer look into the usual cosmological 
perturbation theory. The standard approach is to perturb the RW metric in the form 



a^iv) (-(1 + 2A)dry2 _ B,dr]dx' + [(1 + 21))% + E,j]dx'dx^^ , (48) 



with Eij traceless. 



Then we define the quantities , Ei and Ef^ such that 122 



I] 

iki 



B, = -^B + BY (49) 

= (-^ + ^ - 4 (fc'^J + fcj^') + ' (50) 

with k'^BY = k'^Ei = k'^Ef^ = 0. This general decomposition of the metric perturbations, together with l|39|l and 14()|l 
decouple the equations between what is called scalar perturbations {Sp, SP, V, S, A, B, D, E), vectorial perturbations 
{vY , Si, BY , Ei) and tensorial perturbations (S^-, Efj). 

The gauge invariant tensorial perturbations in usual cosmology satisfy the wave equation 

{E{j)" + 2aH{El)' + k^E^ = SvrGa^PE^. . (51) 

For the scalar and vector sectors, we must fix the gauge and the field equations, give the evolution of the pertur- 
bations and some constraint equations. For example, the scalar sector in the longitudinal gauge {B = E = 0) reads 

^ = -(l + c.)V-3i/f^ + ^)-3(l-K..)I) , (52) 
p a \ p p J 

and 

V = -H{l-i.^)V--^V+^^(6P-h:)+-A . (53) 
(1 + Lo) a(p + F) \ 3 / a 

The constraint equations relate directly the metric perturbation to the matter perturbation. In this gauge, for the 
scalar sector, we find 



k 

and 



[6P+-^{P + P)V) (54) 



fc2(A + L>) = -STrGa^S . (55) 
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Now, returning to the brane world cosmology, we can find a connection between our treatment and the usual 
cosmology from the perturbed brane metric. Comparing H25|l with (|48|l and separating the trace part of /ly (/iqo = 
hii + /i22 + and of E^j {En + E22 = --B33) we note that 

-2A = 7.. = (l + Hmo|-. + ^^|i5p(^ + ^) , (56) 

- 2-/^, = 2Vl + H^Pho^ , (57) 

2D = ijf: = hoo-^VT+lPP , (58) 

2E,j = - llkS^J ■ (59) 
Explicitly the last expression reads 

2Eii = ^hii ~ ^h22 ~ ^hss , (60) 
2 11 

2-^22 = -/122 - -^hii - -/l33 , (61) 

2^33 = ^hss - ^hii - ^h22 , (62) 

2^12 = hi2 , (63) 

2Ei3 = hi3 , (64) 

2-B23 = h23 , (65) 

and we have the correct number of functions to describe perturbations on the brane. 

Now, for = (0,0, k), the scalar - vector - tensorial decomposition ((5n|l states the two polarizations of tensorial 
perturbations as described by 

Efi = i(/iii-/i22) , (66) 

EI2 = \hxi . (67) 

This leads us to a direct connection with standard perturbation theory. We shall find that the real tensorial modes 
are the 11 and 22 modes, but not the 13 or 23 ones. 
The vectorial components are 



bX 


= -27r;l = 


-2^1 + H^Phoi 




= -27r,2 = 


~2^1 + H^Pho2 


El 


= ihis , 




E2 


= i/i23 , 





(68) 

(69) 
(70) 
(71) 



and finally, the scalar ones are 

A - 



~^7,. = -i(l + i^^^^)/.oo|.-^^iL=(^ + ^) , (72) 
D = -llt = -lhoo + jVl + HH^ , (73) 
E = i/loo-J/^33 , (74) 



B = -2i7„3 = -2iVT + ^H^/i03 • (75) 

The general metric perturbations are described in usual cosmology by 10 functions {A, B, D, E, Bi, B2, Ei, E2, 
Efi and -E^) matching the correct number of degrees of freedom given by the traceless symmetric part of /i^i, and 
the field C. However, when we require k^^h^^ = 0, we force the existence of four constraint equations that reduce this 
number to 6, which is the number of independent perturbations after the gauge choice in usual cosmology. Thus, from 
the point of view of the brane, we completely fixed the gauge when we demand k^h^i, = 0. This is an unusual gauge 
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choice, it is neither a longitudinal (Newtonian) gauge nor a total-matter gauge. It relates the scalar perturbations 
with each other without canceling any one of them. 

We can see that the brane-world treatment described so far walks closely to the usual cosmological perturbation 
theory. In fact, from the analysis developed in the last section, we also find that dynamical equations are quite similar 
to ifS^ and (|5S|l . In terms of B, D, and A, the scalar sector, (|S7|l and ||1T1) read 



^ + (1 + V + 3iI(^ + — ) + (1 +c.)3i) = 
P a P P 



(76) 



and 



V = 



a{p + P)\ 3 



H{1 - 3w) 



k . 1 ■ 
-A--B 
a 2 



(77) 



Comparing with (|52|l and (|53|l we see that the only difference comes from the unusual gauge choice we have made 
(in the Newtonian gauge B = and this expressions are identical to the usual ones). 

On the other hand, the quite different behaviour of the brane-world perturbations comes from the constraint equa- 
tions. Contrary to the usual cosmological scenario there are constraints between tensorial modes and the anisotropic 
stress on the brane. Denoting the quantities under a hat by the fourier modes as in 



ik.: 



(78) 



and recording the dependence of h on X^ and X*, H2Ufl . we follow the procedure described in the appendix for massive 
and massless modes and use the connection with usual cosmology theory, l|^ - ((7S|l . to find for the tensorial sector 



2a 



^12 



2a^" 



P(T) 
-^11 



:Zi{mla-\T)) 



for the vectorial sector 



2a 

K 
> 

2a' 



Si 



-El 



fc2 



TO 



Z2{mla-\T)) 
Zi{mla-^(T))-] 



Z^imla-^T)) 



iHlm" 



,2 



Zi{mla~^{T)) 



and for the scalar sector 



F = 



iHl\/ fn? 



Z2{mla' 




Zi{mla 


-Hr)) 


Z2{mla' 




Zi{mla 





(79) 
(80) 

(81) 
(82) 



-E 



iHly/'r 



lyA + lPf 



Z2{mla-^{T)) 
Zi{mla-^{T)) 



_9 ^ 



Z2(TO/a-i(r)) 



AiHl^/k"^ + TO^ — ego 
2a 



Ac 



(83) 



These are our main results: we completely solve the wave equations in the bulk and found the junction conditions 
for arbitrary brane dynamics in each mode sector. Our equations are quite complicated because of the effect of 
massive modes and the unusual gauge choice we made. We should indeed expect constraints in the scalar and in the 
vector sectors. However equations similar to (|79ll and (|80|l do not appear in usual cosmology. When we are talking 
about a Minkowsky brane with a = ao, we can avoid such constraints choosing m such that Zi{ml / ao) = 0. Indeed 
this is exactly what is done in the normal coordinate approach |2.'t| |. However, in normal coordinates, we can not 
treat the full problem analytically in generic dynamical universes. From the point of view of the bulk, this seems to 
be possible and, after fixing a gauge in an unusual form, we are able to solve analytically the bulk modes, finding 
the constraints equations for general brane behaviour. As tensorial modes are gauge independent, from our analysis, 
we can conclude that brane-world cosmology predicts unusual constraint equations between tensorial modes and the 
stress energy tensor. 
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In the usual cosmology, gravitational waves {Ef-^ and EJ2) couple with the tensorial part of the anisotropic stress, 
but there are no algebraic constraint between them. Here we see that, besides special cases discussed in the next 
section, in the great majority of possibilities of brane dynamics, there are no gravitational waves without anisotropic 
stress on the brane. Clearly any unusual behaviour as this one comes from the fact that gravitational waves should 
be fundamentally affected in our model. In a generic brane world scenario, we cannot talk about a gravitational wave 
strictly restricted to the brane. The extra constraints appear because strictly speaking, gravitational waves are not 
brane objects. They belong to the bulk and so they must satisfy the bulk Einstein equations. As they travel through 
the bulk, we can expect to find waves that follow closely the brane evolution and even go across it. For brane world 
residents, the amplitude of what is usually called a gravitational wave is, in fact, an average over all amplitudes of 
the bulk waves that, at a certain moment, cross the brane. Because the junction conditions force the matter content 
on the brane to behave in correspondence to the bulk geometry, all possible tensorial perturbations calculated on the 
brane appear to brane world residents as anisotropic stress on the energy-momentum tensor. 



IV. NORMAL COORDINATES 



During a de-Sitter expansion, we can explicitly transform the bulk coordinates {X^, X^) to normal coordinates {t, 
y) where the background metric is written by 



ds^ = (cosh(2//0 - Vl + H'^P sinh(y/0) (-dt^ + a'^{t)d,jdx'dx^^ + dy^ 



(84) 



with < v < tanh ^ 



(1 -I- H^P) and the brane position is taken at y = 0. 

I 



We note that the relevant transformation is 

X^ = X^{t,v) 

1 



a{t)[cosh{y/l) - ^/TVWPs\Y)h{y/l)] 



X''=X\t,y) 



Ha{t) 



'1 



cosh{y/l) - VmPPsmh{y/l)] 



(85) 

(86) 
(87) 



Thus, we can write the solution for pure tensor modes with respect to the brane metric found in the previous 
sections in normal coordinates. Writing 

hij{t,x,y)^ J d^kdmeij{k,m)hkm{t,x,y) , 

we find for a bounded zero mode 

hkra{t,x,y) cxp[ifc.x 

N2 



2;2 



a{t)^[cosh{y/l) - VT+H^smh{y/l)]^ 
ml 



a{t)[cosh{y/l) ~ VT+WP smh{y / 1)] 



exp 



-iy m?+ I k p 
Ha{t) 



'1 



My/l) - VTTWPsmh{y/l) 



We can plot the above solutions with respect to the extra coordinate y and note the decaying behaviour of the 
perturbations for massive modes away from the brane. 

The junction conditions are reproduced in the absence of anisotropic stress by 



dh{t, X, y) 



dy 



= 



(89) 



This equation can not be solved non trivially for all times because the solution just found is non-separable in y and t. 

In a de-Sitter background, it was shown that it is possible to separate the wave equation in normal coordinates and 
find a separable solution in y and t, |2lj| . |25j| . p^ . p^ . with gravitational waves in the ausence of brane anisotropic 
stress. However, for a non-de Sitter evolution, this is not possible and, because we started the approach generically. 
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FIG. 1: Plot of I hkm{t,x,y) \ with respect to y. The brane is in j/ = and we used a{0)H — IH — 1. We ploted the modes 
m = 0, 1, 2, and 3 in this order (from up to down in the graphic), showing the behaviour of massive amplitudes out of the 
brane. 



our solution is intrinsically non-separable. Clearly, from this non separability in the bulk approach, the connection 
with the usual de-Sitter solution becomes obscure and, for this reason, we still need a method to determine the initial 
conditions and choose the amplitudes £ij{k,m) to finally solve the spectrum of tensorial perturbations. However, 
because such non separability is inherent of generic brane dynamics, our results have far reaching consequences for 
inflation: it gives us, for instance, a mechanism for anisotropy creation in the brane- world. If initial conditions, during 
a de-Sitter inflationary phase, created tensorial perturbations propagating in the bulk with an anisotropic stress free 
brane world, as suggested in usual inflationary models .25] , after inflation, and also during the reheating, those waves, 
interacting with the brane, would necessarily produce tensorial modes of anisotropy in our universe. Those anisotropic 
modes would be created by the gravitational waves as described by the complete junctions conditions found in the 
last section. 



APPENDIX A: NOTATION. 

Unperturbed tangent vectors are denoted by a bar V^f. Quantities calculated on the unperturbed brane are followed 
by \i, while \b denotes the perturbed brane. 

Upper case latin indices parametrize the bulk, A,B,C',— 0..4 (4 is the extra dimension), greek indices refers to 
the usual space-time, ^i,v,\ = 0..3, and the spatial part in the brane is parametrized by lower case latin indices, 
i, j, k = 1..3. 



APPENDIX B: CONNECTIONS 



In this section it is presented for reference the non-null connections of the unperturbed and perturbed geometry. 
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1. Brane Connections 



For the RW metric in conformally minkowskian coordinates 

;2 



the non-zero connections are 



rfs^ = ^rji^^dx^'dx'', (Bl) 



_ _A^ A' in) 

m A ' A ' 

Linearly in the perturbation, the non-zero perturbed connections calculated with the perturbed RW metric ds^ = 
■j^iVnf + lnv)dx'^dx'' are 

^r;j, = ^5,7,^ , (B2) 
^rl = lan.^ + ^^J' , (B3) 



2 

5^1 = ^{d,ll + 9^11 + d,l^,)--f{l^,+ l,,5i,) , (B4) 
1 A'(n] 

STi,^ = dr,%-^da^''-^ii, , (B5) 

S^'jr, = l{djli, + dr,l'j-dajr,) , (B6) 

1 A'in) 
S^k = 2(9jll + dki;~dajk)-^S,,j^'' . (B7) 

It is worthwhile reminding that the indices of the perturbation in the metric, 7^,^, arc raised and lowered with i]^^,. 
The same holds for the perturbation of the bulk metric described below, Hab, which are raised and lowered by rjAB- 



Bulk Connections 



For the AdS bulk in conformally minkowskian coordinates described by the metric ds'^ = j^^rfAndX^dX^ , the 



non-zero connections read 

fSO _ ^4 _ -^4 _ J*- 
^04 — 00 — 44 — ~ ^ ) 

In the linear approxiamtion, the non-zero perturbations in the connections computed with the perturbed AdS metric 
ds^ = ■j^^{r]AB + hAB)dX'^dX^ , are 

, (B8) 

(B9) 

d%ii + dihl-j^ , (BIO) 
d%j)-^S,, , (Bll) 







srlo = 


\dAhl , 


01 44 — 


2(a:4)2 


6T°. = 




- 

"'-iO — 


\dihl , 



(B12) 



-00/144 + , 



4 1 



SK, ^ \idoh\ + d,K-^d^ho,) , 

(5r44 = ^4/14 - ^ - 2(X4)2'^'^^** ' 



4 

kj 



APPENDIX C: MASSIVE MODES 

Let us write 

haf3 = J d^kdmh{m,k;X°,X'^) eai3{m,k)e'-^-' 
ha/ulb = J (f'kdnih{m,k;T) eap{m,k)e'^^'^ , 
C = J d^kdmC,{m,k]Ty''-^ 
and recalling (|20|l . for modes with m 7^ we have 



d^h — vn? + k'^h , 

diha[}\l = / d^kdmikih{m,k;T) eaf3{'rn,k)e^'''^ , 



dih = hm[-+ ]\x=nd/a ■ 



Substituting back in (|43|l we find 



ik^eQj + ik^eiQ + i\/ m? + k'^ti 



2a 



ej.mhi - + — — I \x=rnl/a 

2a \x Z2(x)/ ' 
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Decomposing the above expression, using H40() . the traceless-free equation implies that 



£12 



-Si 



2a 

h 
2a 



2^' - ~Ya'^' 



iHl\/: 
iHlm? 



+ fc2 + m\/l + F^P 



Zi(m?a-i(r)) 



Z2(m/a-i(r)) 
Zi(TO/a-i(r)) 



Z2Ma-i(r)) 
Zi(m/a-i(T)) 



Z2(m/a-i(r)) 



and 



-Si 
2^1 


h 

TT'^ii 
2a 

2a 


iHl\J TV? + fc2 - 


h 1 - 


hi?2? 


2 ^ 


iHl\/ + fc2 _ 


- m\/ 1 - 




-^^3 - 
2 3 


h 
2a 




I- m\/ 1 - 





Zi(mla 




Z2{mla^ 




Zi{mla 




Z2{m.la^ 




Zi{mla' 




Z2{mla' 





a 

In dynamical universes without the presence of an anisotropic stress, we claim that 
• Massive modes are such that eii(fc,m) = £22{k,m). That means, from the transverse traceless-free condition 

1 771,2 



eoo{k, m) 

Thence, we find, recalling the form of h, 



en (/c, 777) = e22{k,m) 
fc2 



fc2 



i\/fe^+m^T(T) 



2 A:2 + m2 
e33(fc, "^)■ 

iHl 



£33, 



(C8) 
(C9) 



2fc2a(T) 

777 / 3m2 



\/ m? + A;2 



3777^ 



Z2(7n/a-i(T)) 



(7772 + ^2") 



fc^l Vr + ^H^^iMa-i(T)) 



(CIO) 



• Since the Bessel's functions are linearly independent, we can not have massive KK modes produced in the 
polarizations £12, £23 and £13. That means, for 777 7^ 0, 



ei2{k,m) = £i3(fc, 777) = e2?,{k,m) = eoi(fc,?77) = €o2{k,m) = 
remaining just one degree of freedom, £33(fc, 777). 



(Cll) 



APPENDIX D: MASSLESS MODE 



For modes with 777 = we write 



leading to the result 



c 



d^kh{0,k;T) €o,p{Q,k)e'^-^ 
dPkC,{{),k-T)e'''-^ , 



1 HI 

— Ffc'C - — ifc'eo,- + zFeio + ikci. 
a^ 2a 



-en rr—s ^^77 



2a 



'coa^{T)+bol^ 



(Dl) 
(D2) 



(D3) 
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Then, with fc* = 6lk, and the traceless-free equation we have 



2 2a V cna' 



and 



If 

3 



Coa4(T) + 60^4 



) . 



-^tl - —en (iHlk + ^/Y+IPP 

2 2a V Cna 



coa\T)+bol^ 



2 2a \ coa*(Tj + 6ot^/ 



46o;^a(T) \ fc^^ 

coa4(r) + 6o^^>' ' 

From those equations, in the absence of an anisotropic stress we may claim that 

• From the transverse traceless-free condition, massless modes are such that en = — e22, thence en = e22 = 0, 
F = and 



: ha / r r— r 4&o^^a(T) \ 



(D4) 



Massless modes are such that ei2 = and we must choose either e23 = ei3 = or 60 — 0. The last choice 
corresponds to the bounded zero mode advocated before. In this case, there still remain the degrees of freedom 
633, 623 and ei3 with 



' iHlha 



(D5) 



Wc can gather all results under the following statements: 



1. There are, at most, three independent degrees of freedom of polarization, denoted by e33(A;,TO), ei3(fc,m) and 
^23{k.,m), for fc' = k5\. All the components are written as 



en(A:,m 

eoo(fc,m 

eoi(A;,m 
eo2(A;,m 

eo3(fc,m 
e33{k,m 



£22(fc,w) = --^ J" e33(fc,m) , 
1,2 

;-e33(fc,m), 



m-^ + k-^ 
-e3i{k,0)5{m) , 
-e32(fc,0)(5(m) , 

e3i(fc,0)5(m) , e32(fc,m) = e32(fc,0)5(m) 
e33{k,m) , ei2(A;,m) = . 



2. The perturbations ha0 can be written as 

ha0{t,X^)= J d^kdm{mXyeaf3{k,m)N2{mX^)e-'^^^+^*+'''''' 



(D6) 



On the brane, it reads 



2 j2 



ha0{T) = J d^kdm ^^^-^eocp{k,m)N2{mla ^(T))e 



(D7) 
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3. Finally, the perturbation on the position of the brane is 



C(r) 



(fikdm 



2a(r) 
iHl ( 3m2 



1 - 



Vm2 + fc2 V 2fc2 
(m2 + fc2) 



Ar2Ma-i(r)) - 



(D8) 
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